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Abstract-In this paper by extending the results of Rice, Ouyang, Lu and Chen and using the
micropo1ar field theory proposed by Eringen some path independent integrals for micropolar
media are presented.

1. INTRODUCTION

In 1968 Prof. Rice[l] proposed the famous J-integral in two-dimensional fracture mechanics.
Since then a great deal of scientific papers have been published all over the world.

In 1982 and 1983 Ouyang and Lu[2, 3] presented some path independent integrals
in nonlinear fracture dynamics for two- and three-dimensional cases, respectively. They
considered the nonlinear elastic case and the elastic-plastic case. The physical meanings of
those path independent integrals and a criterion in nonlinear fracture mechanics are given.

In 1984 Chen[4] derived the three-dimensional J-integral by means of the general
potential energy principle and Green's theorem and gave the J-integral a power type. This
result may be seen as a fracture criterion.

In 1974 Gross[5] had already investigated the fracture problems for micropolar media
in his habilitations thesis.

In 1981 we obtained some new conservation laws for linear micropolar elastodynamics
[6]. Then Jin[7] derived in 1983 the theorem on the conservation of the non-conservative
field based on the differential variational principle and the conservation law for a certain
class of continuum mechanics.

Using the micropolar field theory[8] and expanding the results of Ouyang, Lu and
Chen we present some path independent integrals for micropolar media in this paper.

2. CASES IN MICROPOLAR FRACTURE DYNAMICS

2.1. Path independent integrals in micropolar elastic media
For the sake of simplicity, we shall use the rectangular coordinates throughout this

paper. We assume that there is a plane crack in a three-dimensional micropolar body.
For the dynamical case, the equation of continuity and equations of motion for the

micropolar elastic media are as follows:

op a
T + ~(pVj) = 0,
ut uXj

(1)

(2)

(3)

where p, t, Xj, U;, CPj, tij, mij' Fj , M j , Vj, (1; and f.jjk denote the density, the time, the rectangular
Cartesian coordinates, the displacement vector, the microrotation vector, the stress tensor,
the couple stress tensor, the body force density, the body couple density, the velocity, the
spin density and the alternating tensor, respectively.
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Here we are concerned with the nonlinear elastic micropolar body with infinitesimal
deformations and microrotations. From the micI:opolar field theory we know that VI :::=

ou;/Ot = Uj, (Jj =)ij ocpjot = )ijeP; (Jij is the microinertia tensor), the kinetic energy density
K and the deformation energy density Ware

(4)

(5)

where Cjj and Yij are the strain tensor and the wryness tensor:

(6)

(7)

Let S be a surface around some part of the crack border, we may establish the following
theorems.

Theorem 1 : The vector integral

(8)

is path independent for any S around some part of the crack border and any t I > t 0 ~ o.
Here n is the projection of outer normal vector v of S on the crack plane, t; and m; are the
traction vector and the couple vector on S, V is a region bounded by S and crack surfaces
and V= i(%x) - j(%y).

Proof Considering a closed surface S, not including the crack border inside, we have

I', r[3t u r,(OU) om .. r, (3CP)J
= '0 Jv O~~VUi+tjiY 3x~ + ox;'YqJj+mjjV ox; dVdt

:::= I'I r[p(Vj-F;)VUj+tjjV(Cjj+Cji/cp/)+p(Uj-M;)VqJj
'0 Jv

-Cij/tj,Vcp;+mjiVYij]dV dt

= I'I r[p(vj-F;)VUj+p(Uj-Mj)VqJj+VW] dVdt
10 Jv

= 1'/ rp(VjVUj +U;VqJ;) dV dt+I'1 r[W-p(Fjui+MjqJj)]n dS dt. (9)
to Jv '0 Js
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But

From the equation of continuity (1), we have

op a
- = - -(pv).
at ax; J
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(10)

Thus the terms (ap/at)~u; and (op/at)v({J, are of higher order of smallness compared with
the other terms in the two brackets, respectively, and therefore they may be omitted. Hence
(10) can be written as follows:

A = ( p(v,Vu'+O"jV({J,) dV/" -f'l ( p(v,Vv,+hq,jVq,J dV dt
Jv 10 10 Jv

= rp(v,Vu,+O",V({J,) dvlll -fll rVHp(v;v,+hq,,({Jj)] dV dt
Jv '0 10 Jv

= (P(V,vu,+O",V({J')dVI"-fl' (Knd5dt. (11)
Jv 10 10 Js

Substituting (10) and (11) into (9), we obtain

(II r{[W-K-p(F,u, +M,({J;)]n-(t,Vu, +m,V({Jj)} d5 dt+ ( p(v,Vu/+O",V({J,) dvl
ll

= O.
Jlo Js Jv '0

(12)

If there are two different surfaces 51 and 52 around some part of the crack border,
then we have 5 =5 I + II ++5'2 +II -, where II + and II - mean the upper and lower crack
surfaces between 51 and 52' and 52 denotes a surface obtained from 52 by inversing its
outer normals. From (12) we have

f
ll ( ([W-K-p(Fjuj+Mj({J,)]n-(t,Vuj+m,V({Jj)} d5 dt+ r p(v,Vu'+O"jVq>J dvl" =0,

10 Js Jvo'o
(13)

here Vo = V 1- V2 is the domain between 51 and 52' Since n = 0, t j = mj =0 on II+ and
II -, then we obtain from (13) the following equality:

This means that eqn (12) is a path independent integral, Q.E.D.



In some cases, it is convenient to use a surface 5 moving with l. For example, if crack
steady propagation is considered, then we have 5 = S(t) and V = V(t) and the following

Theorem 2: The veclOr illlcyra/

-(t,Vu,+miV<p;)} dS dt-i" r p(ujVt\+<p,VcPj) dV dt, (I5)
'0 JV(I)

or simply

(16)

is path independent for any S(t) around some part of the crack border and any t J > t 0 ~ O.

Proof: From (9) we have

The last integral may be written as

rp(vjVu,+UjV<p, dV = rp(VjU,+ui<P;)n dS- rp(ujVVj+<P,Vu,) dV. (18)Jv Js Jv
Then substituting (18) into (17), we obtain

L{[W+p(vj-F,)uj+p(u,-M,)<p;]n-(tjVu,+mjV<p,)} dS- Lp(U,VVj+<PjVU;) dV = O.

(19)

It is easy to prove that the integrals D 2 and D} are path independent, Q.E.D.

2.2. Path independent integrals in micropolar elastic-plastic media
Let we be the elastic deformation energy density, i.e.

we = f(tij deij+ mij dyij).

In the present paper we assume that

Yij = yij+yt·

(20)

(2 I)

(22)

Now we may propose the following theorem for the crack propagation in micropolar
elastic-plastic media.
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Theorem 3: The vector integral
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is path independent for any surface S around some part of the crack border and any
t I > to ~ 0 in the elastic-plastic media.

Proof: For a closed surface not including the crack inside, by using the equality (12)
we have

f
'l r[_ W'n+(t;~u;+mj~qJj)] dS dt

10 Js

= f'l r[(W- W')-K-p(F;u;+MjqJj)]n dS dt+ rp(vj~uj+aj~qJj) dvl'l
10 Js Jv 10

= f'l r(tij~e~+mij~'l'~) dV dt-f'l r[p(f;u;+M;qJ;)-K]n dS
10 Jv '0 Js

+ rp(v;~u;+a;~qJ;) dvl" .Jv '0 (24)

Thus we get eqn (23). It is also easy to prove that (23) is path independent, Q.E.D.
From a moving surface, we may easily show the following

Theorem 4: The vector integral

D 5 = f'l r ([W+p(ti;-F;)uj+p(q;-M;)qJ;]n-(tj~u;+mj~qJi)}dS dt
'0 JS(l)

-f'l r p(u;~ti;+qJi~qj)dV dt, (25)
'0 JV(I)

or simply

is path independent for any surface S(t) around the crack border and any t l > to ~ O.

2.3. Steady crack propagation in micropolar media
Without loss of generality, let the propagation velocity of the field be a. Now we

consider the surface Smoving with the same velocity and use the following new coordinate
system:

x = x-ct, ji =y, i=z, t = t. (27)
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Then we have

. _ cu, _ cu, ,cu,
l, - --.:;- -~-(-::;-::-,

01 01 ox

For the steady crack motion, we have

a
~=o.at

Therefore, from (29) and (28) we obtain

02
• 2' CfJi

(J; = C );j ai2 •

(29)

(30)

(31 )

(32)

(33)

(34)

Considering a constant path Sin i, y, Z system, from Theorem 2 and Theorem 4 we
get the following path independent integrals

for the micropo1ar elastic media and

D 8 =1{[W+c 2p(ur~~' +cpr~~i)-p(Fiur+MiCfJn}

-(ti~Ui+mi~CfJj)} dS- f/2p[ur~e~u;)+CfJf~(~;)] d V (36)

for the micropolar elastic-plastic media, respectively.

3. MICROPOLAR FRACTURE STATICS

For the static cases, we may from (16) and (23) obtain the following

Theorem 5 : The vector integrals

(37)



and
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are path independent for any surface S around some part of the crack border in the case
of micropolar elastic media and micropolar elastic-plastic media, respectively.
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